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Organizational

& Homework grading mechanism
& List of projects to be out soon

& Project timeline

QO Team lists due by end of Feb

@ Initial proposal by 14th March

QO Project midpoint review: 16th April

O Project final paper, presentations: Finals week
& Midterm maybe around 21st March (in class, 3 hours, TBD)
& | hope to write lecture notes beginning March

& Email me any concerns, doubts, questions, feedback

N
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Weak duality
Recap



Primal problem

Let f; : R™ = R (0 <i <m). Generic nonlinear program

min  fo(z)
st. fi(z) <0, 1<i<m, (P)
x € {dom fy Ndom f; ---Ndom fp,}.
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Primal problem

Let f; : R™ — R (0 <4 <m). Generic nonlinear program

min  fo(z)
st. fi(z) <0, 1<i<m, (P)
x € {dom fy Ndom f; ---Ndom fp,}.

Def. Domain: The set D := {dom fy Ndom f; --- N dom f, }
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Primal problem

Let f; : R™ — R (0 <4 <m). Generic nonlinear program

min  fo(z)
st. fi(z) <0, 1<i<m, (P)
x € {dom fy Ndom f; ---Ndom fp,}.

Def. Domain: The set D := {dom fy Ndom f; --- N dom f, }

» We call (P) the primal problem
» The variable z is the primal variable
» We will attach to (P) a dual problem

» In our initial derivation: no restriction to convexity.
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Lagrangian

To the primal problem, associate Lagrangian £ : R” x R™ — R,

‘C( _fO Z )‘fz
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Lagrangian

To the primal problem, associate Lagrangian £ : R” x R™ — R,

‘C( _fO Z )\fz

& Variables A € R™ called Lagrange multipliers
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Lagrangian

To the primal problem, associate Lagrangian £ : R” x R™ — R,

‘C( _fO Z )‘fz

& Variables A € R™ called Lagrange multipliers

& Suppose z is feasible, and A > 0. Then, we get the lower-bound:

fo(x) > L(x,\) Vre X, \eRT.
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Lagrangian

To the primal problem, associate Lagrangian £ : R” x R™ — R,

‘C( _fO Z )‘fz

& Variables A € R™ called Lagrange multipliers

& Suppose z is feasible, and A > 0. Then, we get the lower-bound:

fo(x) > L(z,))  VzeX, XeR}.

& Lagrangian helps write problem in unconstrained form
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Lagrangian

Claim: Since, fo(x) > L(x,\) Vx € X, A€ R, primal optimal

* = inf sup L(z,\).
P reX )\ZIS ( )
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Lagrangian

Claim: Since, fo(x) > L(x,\) Vx € X, A€ R, primal optimal

* = inf sup L(z,\).
P reX )\ZFO) ( )

Proof:
& If z is not feasible, then some f;(z) > 0
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Lagrangian

Claim: Since, fo(x) > L(x,\) Vx € X, A€ R, primal optimal

* = inf sup L(z,\).
P reX )\ZFO) ( )
Proof:
& If z is not feasible, then some f;(z) > 0

& In this case, inner sup is +00, so claim true by definition

6
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Lagrangian

Claim: Since, fo(x) > L(x,\) Vx € X, A€ R, primal optimal

* = inf sup L(z,\).
P reX )\ZFO) ( )
Proof:
& If z is not feasible, then some f;(z) > 0

& In this case, inner sup is +00, so claim true by definition
# If x is feasible, each f;(x) <0, so supy > ; Aifi(x) =0

6
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Lagrange dual function

Def. We define the Lagrangian dual as

g(A) :=inf, L(z, ).
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Lagrange dual function

Def. We define the Lagrangian dual as

g(A) :=inf, L(z, ).

Observations:
» g is pointwise inf of affine functions of A

» Thus, g is concave; it may take value —oo
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Lagrange dual function

Def. We define the Lagrangian dual as

g(A) :=inf, L(z, ).

Observations:

» g is pointwise inf of affine functions of A
» Thus, g is concave; it may take value —oo
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Lagrange dual function

Def. We define the Lagrangian dual as

g(A) :=inf, L(z, ).

Observations:

» g is pointwise inf of affine functions of A
» Thus, g is concave; it may take value —oo
» Recall: fo(x) > L(z,\) Vx € X; thus

> Vo e X, fo(x)>infy L(2/,\) = g(N)
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Lagrange dual function

Def. We define the Lagrangian dual as

g(A) :=inf, L(z, ).

Observations:

» g is pointwise inf of affine functions of A
» Thus, g is concave; it may take value —oo
» Recall: fo(x) > L(z,\) Vx € X; thus

> Vo e X, fo(x)>infy L(2/,\) = g(N)

» Now minimize over z on lhs, to obtain

vV AeRY p* > g(N).
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Lagrange dual problem

sup g(A) s.t. A > 0.
A
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Lagrange dual problem

sup g(A) s.t. A > 0.
A

» dual feasible: if A >0 and g(\) > —oc0

» dual optimal: \* if sup is achieved
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Lagrange dual problem

sup g(A) s.t. A > 0.
A

» dual feasible: if A >0 and g(\) > —oc0
» dual optimal: \* if sup is achieved

» Lagrange dual is always concave, regardless of original
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Weak duality

Def. Denote dual optimal value by d*, i.e.,

d* :=sup g(\).
A>0
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Weak duality

Def. Denote dual optimal value by d*, i.e.,

d* :=sup g(A).
A>0

’Theorem (Weak-duality): For problem (P), we have p* > d*.
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Weak duality

Def. Denote dual optimal value by d*, i.e.,

d* :=sup g(\).
A>0

’Theorem (Weak-duality): For problem (P), we have p* > d*.

Proof: We showed that for all A € R, p* > g(A).
Thus, it follows that p* > sup g(\) = d*.
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Equality constraints

min  fo(z)
sit. fi(x) <0, i=1,...,m,
hi(x) =0, i=1,...,p

Exercise: Show that we get the Lagrangian dual
g : R xRP: (\v)—inf L(z,\v),
T

where the Lagrange variable v corresponding to the equality
constraints is unconstrained.
Hint: Represent h;(x) =0 as h;j(z) < 0 and —h;(x) <0.
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Equality constraints

min  fo(z)
s.t. fl(x) < 07 ¢ 17 s 110y
hi(x) =0, i=1,...,p

Exercise: Show that we get the Lagrangian dual
g : R xRP: (\v)—inf L(z,\v),
T

where the Lagrange variable v corresponding to the equality
constraints is unconstrained.
Hint: Represent h;(x) =0 as h;j(z) < 0 and —h;(x) <0.

Again, we see that p* > supy>q, g(\,v) =d*
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Some duals

» Least-norm solution of linear equations: minz’z s.t. Az =b
» Linear programming standard form
» Study example (5.7) in BV (binary QP)
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Strong duality



Duality gap

Z)* — d* > 0
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Duality gap

Strong duality if duality gap is zero: p* = d*
Notice: both p* and d* may be 400
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Several sufficient conditions known!
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Duality gap

Strong duality if duality gap is zero: p* = d*
Notice: both p* and d* may be 400

Several sufficient conditions known! |

“Easy” necessary and sufficient conditions: unknown ‘
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Slater’s sufficient conditions

min  fo(2)
s.it. fi(x) <0, 1<i<m,
Az =b.
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Slater’s sufficient conditions

min  fo(2)
s.it. fi(x) <0, 1<i<m,
Az =b.

Constraint qualification: There exists z € riD s.t.
fi(z) <0, Az =b.

That is, there is a strictly feasible point.
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Slater’s sufficient conditions

min  fo(2)
st. fi(z) <0, 1<i<m,
Az =b.

Constraint qualification: There exists x € riD s.t.
fl(l‘) <0, Ax =0b.

That is, there is a strictly feasible point.

Theorem Let the primal problem be convex. If there is a feasible
point such that is strictly feasible for the non-affine constraints (and
merely feasible for affine, linear ones), then strong duality holds.
Moreover, in this case, the dual optimal is attained (i.e., d* > —o0).

Reading: Read BV §5.3.2 for a proof.
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Counterexample

mine™® 2?/y <0,
l’?y

over the domain D = {(z,y) | y > 0}.
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Counterexample

mine™® z%/y <0,
l’?y

over the domain D = {(z,y) | y > 0}.
Clearly, only feasible z = 0. So p* =1
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Counterexample

mine™® z%/y <0,
x?y

over the domain D = {(z,y) | y > 0}.
Clearly, only feasible z = 0. So p* =1

L(x,y,\) =€ "+ )\xQ/y,

so dual function is

0 A>0
g(\) = inf e™® + \a?y = { -
z,y>0

—00 A<O0.
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Counterexample

mine™® z%/y <0,
x?y

over the domain D = {(z,y) | y > 0}.
Clearly, only feasible z = 0. So p* =1

L(x,y,\) =€ "+ )\xQ/y,

so dual function is

0 A>0
g(\) = inf e™® + \a?y = { -
z,y>0

Dual problem
d* = m)z\auxO s.t. A > 0.

—00 A<O0.
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Counterexample

mine™® z%/y <0,
x?y

over the domain D = {(z,y) | y > 0}.
Clearly, only feasible z = 0. So p* =1
L(z,y,\) =e %+ Ay,

so dual function is

0 A>0
g(\) = inf e™® + \a?y = { -
z,y>0

Dual problem
d* = m)z\auxO s.t. A > 0.

Thus, d* =0, and gap is p* — d* = 1.

—00 A<O0.
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Counterexample

mine™® z%/y <0,
x?y

over the domain D = {(z,y) | y > 0}.
Clearly, only feasible z = 0. So p* =1

L(x,y,\) =€ "+ )\xQ/y,

so dual function is

0 A>0
g(\) = inf e™® + \a?y = { -
z,y>0

Dual problem
d* = m)z\auxO s.t. A > 0.

Thus, d* =0, and gap is p* — d* = 1.
Here, we had no strictly feasible solution.

—00 A<O0.
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Example: Maxent

min Zl x; log x;
Az <b, 1Tz=1, z>0.
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Example: Maxent

min Zl x; log x;
Az <b, 1Tz=1, z>0.

Recall, convex conjugate of f(z) = xlogz is f*(y) = ¥~ L.
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Example: Maxent

min Zl x;log x;
Az <b, 1Tz=1, z>0.

Recall, convex conjugate of f(z) = zlogz is f*(y) = €Y

_ 3Ty .\ _—(ATXN);—v-1
Hi’ayx gA\v)==b'A—v Zz‘=1e

st. A>0.

-1
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Example: Maxent

min Zl x;log x;
Az <b, 1Tz=1, z>0.

Recall, convex conjugate of f(z) = zlogz is f*(y) = €Y

_ 3Ty .\ _—(ATXN);—v-1
Hi’ayx gA\v)==b'A—v 21:16

st. A>0.

If there is = > 0 with Az < b and 172 = 1, strong duality holds.

16
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Example: Maxent

min Zl x; log x;
Az <b, 1Tz=1, z>0.

Recall, convex conjugate of f(z) = zlogz is f*(y) = €Y

_ 3Ty _ N —(ATN) -1
Hi’ayx gA\v)==b'A—v 21:16

st. A>0.

If there is = > 0 with Az < b and 172 = 1, strong duality holds.

Exercise: Simplify above dual by optimizing out v

16
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Support vector machine

min slzl3+C) &

st. Ae>1-¢& &>0.
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Support vector machine

min slzl3+C) &

st. Az>1-¢, £>0.

Lz, &\ v) = 3|z]3 + C17¢ = X\ (Az — 1+ &) — ¢
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Support vector machine

min slzl3+C) &

st. Az>1-¢, £>0.

Lz, &\ v) = 3|z]3 + C17¢ = X\ (Az — 1+ &) — ¢

gAv) = infL(z,& A v)
AT JATNR A+v=C1
B +00 otherwise
¢ = max  g(Av)

Exercise: Using v > 0, eliminate v from above problem.
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Example: regularized optimization

;gﬁ( f(z)+r(Az) st. Az e ).
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Example: regularized optimization

;161;1‘( f(z)+r(Az) st. Az e ).

Dual problem

igi A (—ATw) + 7 (u).
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Example: regularized optimization

;gﬁc f(z)+r(Az) st. Az e ).

Dual problem

ig} F(—ATu) + 7 (u).

» Introduce new variable z = Ax

inf t. = Ax.
ot flx) +r(2), st. 2z x
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Example: regularized optimization

;Iel/fy f(z)+r(Az) st. Az e ).

Dual problem

ig} F(—ATu) + 7 (u).

» Introduce new variable z = Ax

inf t. = Ax.
ot flx) +r(2), st. 2z x

» The (partial)-Lagrangian is
L(z,z;u) = f(z) +r(2) +ul (Az — 2), 2€X,2€);
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Example: regularized optimization

;Iel/fy f(z)+r(Az) st. Az e ).

Dual problem

ﬁg; F(—ATu) + 7 (u).

» Introduce new variable z = Ax

inf t. = Ax.
ot flx) +r(2), st. 2z x

» The (partial)-Lagrangian is
L(z,z;u) = f(z) +r(2) +ul (Az — 2), 2€X,2€);

» Associated dual function

= inf L TUu).
o)== _int_ L(w.z0)
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Regularized optimization
;Iel/fy f(z)+r(Az) st. Az e ).

Dual problem

: * T *
;25 fH(=A%y) +r(y).

The infimum above can be rearranged as follows

gly) = inf f(z)+yTAz+ inf r(z) —y’2
reX z€eY
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The infimum above can be rearranged as follows
gly) = inf f(z)+yTAz+ inf r(z) —y’2
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Regularized optimization

;Iel/fy f(z)+r(Az) st. Az e ).

Dual problem

: * T *
;g fH(=A%y) +r(y).

The infimum above can be rearranged as follows
gly) = inf f(z)+yTAz+ inf r(z) —y’2
reX z€eY
= —sup {—xTATy — f(z)} —sup {zTy —r(2)}
xeX z€Y
= —f(-ATy) —r(y) styel.
Dual problem computes sup,,cy g(u); so equivalently,

. * T *
ng) [r(=ATy) +r*(y).

19/33



Regularized optimization

Strong duality
ira}f{f(m)—i—r(Aa: —sup{ F(=ATy) +r(y)}

if either of the following conditions holds:
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Regularized optimization

Strong duality
ira}f{f(a:)—i—r(Aa: —sup{ F(=ATy) +r(y)}

if either of the following conditions holds:
Jz € ri(dom f) such that Az € ri(domr)

Jy € ri(domr*) such that ATy € ri(dom f*)
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Regularized optimization

Strong duality
ira}f{f(ac)—i—r(Aa: —sup{ F(=ATy) +r(y)}

if either of the following conditions holds:
Jz € ri(dom f) such that Az € ri(domr)

Jy € ri(dom r*) such that ATy € ri(dom f*)

m Condition 1 ensures 'sup’ attained at some y

m Condition 2 ensures 'inf' attained at some z

20/33



Example: norm regularized problems

min  f(z) + || Az]|
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Example: norm regularized problems

min  f(z) + || Az]|

Dual problem

min - f*(=ATy) st fyl. < 1.
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Example: norm regularized problems

min  f(z) + || Az]|

Dual problem
min - f*(=ATy) st fyl. < 1.

Say ||7]l« < 1, such that ATy € ri(dom f*), then we have strong
duality (e.g., for instance 0 € ri(dom f*))

21/33



Dual via Fenchel conjugates

min f(z) st fi(x) <0, Az =b.

L(z,\v) = +Z/\f’ T(Az —b)
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Dual via Fenchel conjugates

min f(z) st fi(x) <0, Az =b.
L(z,\v) = )+ Z Aifi(zx T(Az —b)

g\, v) = inf/L(x, )\ V)
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Dual via Fenchel conjugates

min f(x) s.t. fi(z) <0,Ax =b.
L(z,\v) = —1—2/\ fi(z (Az —b)
g\ v) = ugfﬁ(x, )\, v)

g\v) = —vTb+infal ATy 4 F(x)
T
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Dual via Fenchel conjugates
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g\, v) = inf/L(x, )\ V)
g\v) = —vTb+infal ATy 4 F(x)
T

F(x) = f0($)+z)\¢fi($)
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Dual via Fenchel conjugates

min f(x) s.t. fi(z) <0,Ax =b.

L(z,\v) = )+ Z Aifi(zx T(Az —b)
g\, v) = inf/L(x, )\ V)
g\v) = —vTb+infal ATy 4 F(x)
T

F(x) = f0($)+z)\¢fi($)

g\ v) = —vTb—sup (x, —ATv) — F(2)

T
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Dual via Fenchel conjugates

min f(x) s.t. fi(z) <0,Ax =b.

Lz, v)
g\, v)
g\ v)

F(x)
g(\v)
g(Av)

)+ Z Aifi(zx Az —b)
inf £(z, )\, v)
—Th+ inf T ATy + F(x)
) + Z Aifi()
—vTh— S;p (x, —ATv) — F(x)

T

—vTh — F*(—=ATw).

‘ Not so usefull F* hard to compute.
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Dual via Fenchel conjugates

O Introduce new variables!
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Dual via Fenchel conjugates

0 Introduce new variables!

min f(z) s.t. fi(zi) <0,Ax =b

T =2,1=1,...,m.
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Dual via Fenchel conjugates

Q Introduce new variables!
min f(x) s.t. fi(zi) <0,Ax =b
T =2,1=1,...,m.

,C(I, Tiz, )‘7 v, ﬂ-i)

= F@) + Y Nifilw) + T (Ar = b) + Y wl (@i - 2)
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Dual via Fenchel conjugates

O Introduce new variables!
min f(x) s.t. fi(zi) <0,Ax =b
T =2,1=1,...,m.
L(x,ziz, A\, v, ;)
= f(x) + ZZ Nifi(xi) + v (Az —b) + Zl 7l(x; — 2)
g\ v,m) = inf L(x, 2,2, \v,m)

T,xi,%2
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Dual via Fenchel conjugates

O Introduce new variables!
min f(x) s.t. fi(zi) <0,Ax =b
T =2,1=1,...,m.
L(x,ziz, A\, v, ;)
= f(x) + ZZ Nifi(xi) + v (Az —b) + Zl 7l(x; — 2)
g\ v, m) = x%gr(}lfzﬁ(x,xi, 2, A\, U, TT;)

= b+ inf f(z) + v Az + inle —nlz

+ ZZ iglif il + Nifi()
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Dual via Fenchel conjugates

Introduce new variables!

min f(x) s.t. fi(zi) <0,Ax =b

T =2,1=1,...,m.

~

‘C(vaizv)‘a v, ﬂ-i)
= F@) + Y Nifilw) + T (Ar = b) + Y wl (@i - 2)
g(Aﬂ/?Tri) = lnf ﬁ([E,.’IJi,Z,)\, Vyﬂi)
= v b+inf f(z) + v Az +inf Yy 7]z
] T . . . .
+ Zz l;lif T Ti+ Alfl(xl)

_ {—uTb — [(=ATY) = S () (=m) i =0

—00 otherwise.
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Example

Exercise: Derive the Lagrangian dual in terms of Fenchel
conjugates for the following linearly constrained problem:

min  f(z) st Az <b, Czx=d.

Hint: No need to introduce extra variables.
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Example: variable splitting

min  f(z) + g(z)
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Example: variable splitting

min  f(z) + g(z)

Exercise: Fill in the details for the following steps

rélizn flx)+g(z) st. z==2

)
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Example: variable splitting

min  f(z) + g(z)

Exercise: Fill in the details for the following steps

rélizn flx)+g(z) st. z==2

)

L(z,z,v) = f(z) + g(2) + v1 (z — 2)
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Example: variable splitting

min  f(z) + g(z)

Exercise: Fill in the details for the following steps

rélizn flx)+g(z) st. z==2

)

L(z,z,v) = f(x) + g(2) + v (z — 2)
g(v) = iwanL(:c, Z,V)

)

25/33



Minimax
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Minimax problems

» Minimax theory treats problems involving a combination of
minimization and maximization
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minimization and maximization
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> Let p: X x Y — RU{xo0}
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Minimax problems

» Minimax theory treats problems involving a combination of
minimization and maximization

» Let X and Y be arbitrary nonempty sets
> Let p: X x )Y — RU{+oo0}
» inf over y € Y, followed by sup over x € X

sup inf ¢(z,y) = sup ¢ (y(z))
zeX Y€V Tz€X
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Minimax problems

v

Minimax theory treats problems involving a combination of
minimization and maximization

Let X and Y be arbitrary nonempty sets
Let o : X' x Y - RU{£oo}
inf over y € Y, followed by sup over x € X

sup inf ¢(z,y) = sup ¢ (y(z))
zeX Y€V Tz€X

sup over z € X, followed by inf over y € Y

When are “inf sup” and “sup inf" equal?
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Weak minimax

Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(x,y) <  inf supd(x,y)
yeyare)( zeX yey
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Weak minimax

Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(x,y) <  inf supd(x,y)
yeyare)( zeX yey

Proof-:
Vo,y, inf ¢(z’,y) < o(z,y)
r’'eX
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Weak minimax

Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(x,y) <  inf supd(x,y)
yeyare)( zeX yey

Proof-:
Vo,y, inf ¢(z’,y) < o(z,y)
r’'eX

Vo,y, inf ¢(a’,y) < sup @(z,y')
r’'eX y'EY
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Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(x,y) <  inf supd(x,y)
yeyxe)( zeX yey

Proof-:

IN

o(z,y)
sup ¢(z,y')

Ve,y, inf ¢(',y)
r’'eX
Va,y, inf ¢($'7y)
z'e y'ey

Vr, sup inf ¢( ) sup gb(x,y/)
yeY @ 'eXxX ey

IN

IN
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Weak minimax

Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(x,y) <  inf supd(x,y)
yeyxe)( zeX yey

Proof-:

IN

o(z,y)

sup ¢(z,y)

Ve,y, inf ¢(',y)
r’'eX
Va,y, inf ¢($'7y)
z'e y'ey

Vz, sup inf ¢(z',y) sup ¢(z,y')
yey v'eX y'ey

= sup inf ¢(z',y) inf sup é(z,y').
yey v'eX zEX ey

IN A

IN
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Weak minimax

Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(z,y) < inf supd(z,y)

yeyxe)( [EEXyey
Proof:
Vay, ot o(zly) < dlay)
Vo,y, inf ¢(a’,y) < sup @(z,y)
z'eX y'ey
Yz, sup inf ¢(z’,y) < sup ¢(z,y)
yey TEX y'EY
= sup inf ¢(z',y) < inf sup ¢(z,y’).
yey r’'eX TxeEX y'EY

Exercise: Show that weak duality is follows from above minimax
inequality. Hint: Use ¢ = L (Lagrangian), and suitably choose y.
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Strong minimax

» If “inf sup” equals “sup inf”, common value called saddle-value

» Value exists if there is a saddle-point, i.e., pair (z*, y*)

d(r,y") > o2, y") > ¢(z%,y) forallz e X,ye).

Exercise: Verify above inequality!
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Strong minimax

Def. Let ¢ be as before. A point (z*,y*) is a saddle-point of ¢ (min
over X' and max over ) iff the infimum in the expression

inf sup ¢(z,
Inf sup ¢(z,y)

is attained at x*, and the supremum in the expression

sup inf ¢(z,y)
yey TEX

is attained at y*, and these two extrema are equal.
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Strong minimax

Def. Let ¢ be as before. A point (z*,y*) is a saddle-point of ¢ (min
over X' and max over ) iff the infimum in the expression

inf sup ¢(z,
Inf sup ¢(z,y)

is attained at x*, and the supremum in the expression

sup inf ¢(z,y)
yey TEX

is attained at y*, and these two extrema are equal.

x* € argmin max ¢(x, y) y* € argmax min ¢(z, y).
zex YV yey TEX
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Strong minimax

& Classes of problems “dual” to each other can be generated by
studying classes of functions ¢,
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Strong minimax

Classes of problems “dual” to each other can be generated by
studying classes of functions ¢,

More interesting question: Starting from the primal problem
over X, how to introduce a space ) and a “useful” function ¢
on X x ) so that we have a saddle-point?

Sufficient conditions for saddle-point

Function ¢ is continuous, and

It is convex-concave (4(-,y) convex for every y € ), and ¢(x,-)
concave for every x € X), and

Both X and ) are convex; one of them is compact.
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Example: Lasso-like problem

ES

p* i=min, ||Az —b|2 + Allz||;-
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p* i=min, ||Az —b|2 + Allz||;-

lz[ls = max {27 v | [|v]lo < 1}

lz||2 = max {:UTU | w2 < 1} .
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Example: Lasso-like problem

*

p* :=min, |Az —b|2 + A||z1-

lz[ls = max {27 v | [|v]lo < 1}

lz||2 = max {ZL'TU | w2 < 1} .

Saddle-point formulation

p* = minmax{u’(b— Az) +v" 2| ul2 <1, [[v]e <A}
T U
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Example: Lasso-like problem

*

p* i=min, ||Az —b|2 + Allz||;-
[2]l1 = max {z"v | [[v]lo <1}
]2 = max {z"u | ulla <1} .
Saddle-point formulation
min max {u” (b — Az) + v z | [Juls <1, [|Jv)ee <A}
T uw

max min {uT(b— Az) +2Tv | Julls <1, ||v]leo < )\}
u,v xX

)
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Example: Lasso-like problem

*

p* i=min, ||Az —b|2 + Allz||;-

[2]l1 = max {z"v | [[v]lo <1}
lz||2 = max {ZL'TU | w2 < 1} )
Saddle-point formulation
= minmax{uT(b— Azx) +olx [ullz <1, |[v]|eo < )\}
T uw
= maxmin {uT(b— Az) +2Tv | Julls <1, ||v]leo < A}
u,v xX

)

= maxulb ATy = v, JJull2 <1, |[v)lec £ A

u,v
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Example: Lasso-like problem

*

p* :=min, |Az —b|2 + A||z1-

lz[ls = max {27 v | [|v]lo < 1}

lz||2 = max {ZL'TU | w2 < 1} .

Saddle-point formulation
= minmax{uT(b —Az) + 0Tz | |lulla 1, |v)le < A}
T U

= maxmin {uT(b— Az) +2Tv | Julls <1, ||v]leo < A}
u,v x

)

= maxulb ATy = v, JJull2 <1, |[v)lec £ A

U,

= maxulb lull2 <1, [|ATv]je0 < A
u
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Nonconvex QP — | (TRS)

Trust region subproblem (TRS)

min 2T Az + 207z 2Tz <1.

A is symmetric but not necessarily semidefinite!
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Nonconvex QP — | (TRS)

Trust region subproblem (TRS)

min 2T Az + 207z 2Tz <1.

‘ A is symmetric but not necessarily semidefinite!

’Theorem TRS always has zero duality gap.
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